Abstract-
I. INTRODUCTION
I N KIUTTU's formulation [1] , inductive electric field in pulsed coaxial devices where B = B θ = μ o I /(2πr ) is calculated by solving a Poisson-like partial differential equation (PDE) (1) where electric vector potential F is defined such that
with a Coulomb-type gauge condition for F ∇ · F = 0.
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To address the boundary conditions (BCs) for the PDE in (1), it is best to view E and F in terms of their r and z components. Equation (2) can be rewritten as
Since F is quasi-scalar, F = F θθ = Fθ , the curl and gradient operators on this vector take on the forms
Substituting (6) and (7) into (5), one can show
Equations (8a) and (8b) establish the BC for solving (1) , which is solved with a finite-element PDE solver such as finite-element partial differential equation (FlexPDE) [3] or COMSOL [4] .
In the above equations, ε r is the relative permittivity in subregions and is assumed to be uniform, ε = ε r ε o , and c is the speed of light.İ is the rate of change of current and r is the radial distance from the center-line in an azimuthally symmetric geometry.
II. BOUNDARY CONDITIONS
The correct treatment of BCs as defined in (8) is the most challenging part of solving (1) . To borrow terms from the FlexPDE manual, the BCs for this PDE are either natural or value. Equation (8a) is of natural form and (8b) is of value form. As will be shown, a moving boundary or/and resistive boundary constitutes a natural BC. On the other hand, Value(F) is a Dirichlet boundary that is applied only once throughout the problem to find a converged solution. More on this is presented in the following section.
A. Natural(F)
There are two types of natural BCs: 1) a moving boundary or/and 2) a resistive boundary. Both types of BCs can coexist on the same boundary.
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1) Case of a Moving Boundary:
In Fig. 1 , the movement of the left-boundary in +z in the seed magnetic field B θ generates an emf.
One can write
where B θ = B is the background magnetic field, μ o is the permeability of free space, n is the unit vector normal to the moving edge, the same as z , and r i is the inner radius of the moving edge and r o is the outer radius of the moving edge. I is the current, v z is the wall velocity, andL is the change in inductance. From (9)
Note also that a moving wall induces a change in the seed magnetic field, which in turn invokes the Faraday LaŵˆS
where L is vacuum inductance of the coax defined as
Note that the algebraic sum of (9) and (9) yields the lossless generator equation
2) Case of a Resistive Boundary: A resistive boundary is another form of the natural BC. In this case, the induced emf is generated from diffusion of magnetic field into the conductor, i.e., the IR loss
where
and In these expressions, ρ is the resistivity, δ is the magnetic skin depth, and R is the resistance. As a special case, for perfectly electric conductors (PECs) Natural(F) = 0.
B. Value(F)
A region on the boundary where there is no E ⊥ constitutes a Value(F) BC. Consider (1); for a given ε andİ , the solution of the PDE places the upper limit of the value on the right-hand side of the equation for numerical precision
To simplify, let Const. = 0
For the special case Value(F) = F = 0, (8b) can be rewritten simply as
Again, this BC is to be applied to the region where E r ≈ 0.
To obtain a converged solution, the Value(F) BC is applied only once to a boundary or portion of it. The choice in location may not be obvious at first-see Section III.
III. EXAMPLES
The usefulness of this technique is best illustrated in the following sections. For brevity, Natural(F) is written as N(F) and Value(F) as V(F) from this point forward and throughout this paper B = B θ = μ o I /(2πr ).
A. Example 1: Moving Boundary and PEC Walls
We start with a coaxial geometry (r o = 3.5 cm, r i = 2.5 cm, and l = 10.0 cm), ε = 1. All walls are made of PEC and a centrally placed 45°insulator (ε = 5) in the channel. The insulator is 3.0-cm away from the left side-wall of the channel, as shown in Fig. 2 . The vacuum inductance of this geometry, using (12), is calculated to be 6.729 nH. In this geometry, a current of 1.0 A provides the seed magnetic field. The left boundary is allowed to move at 1.0 cm/s in the +z-direction. The emf created by the moving wall is IL that shows up across nodes 1 and 2.
The moving boundary creates anİ (−0.1 A/s) that satisfies the generator equation, i.e., (11). The instantaneous change in current isİ where l = 10 cm is the length of the coax. The BC on the moving boundary is defined as
Figs. 3-5 show FlexPDE results for this case. The electricfield stresses seen by the insulator (at triple junctions) and the voltage that develops across the insulator is of great importance in designing an experiment. In this case, the right-hand boundary is actually a shorted boundary with no power flowing through it since E r = 0 as clearly demonstrated in plot of Poynting vector in Fig. 3(d) . Poynting vector S is defined as It can be shown for the axisymmetric geometry
Note that in this example, the directions of I andİ are negative. The emf generated on the left boundary between nodes 1 and 2 is
The voltage on the insulator between nodes 3 and 4 is
B. Example 2: Resistive Walls
We start with the same geometry as in Section III-A but allowing natural BC on all boundaries (see Fig. 6 ). All the boundaries in this case are of resistive form.
There is no moving wall in this case and the generator equation takes on the form
Lİ = −0.6729 nV is equal in magnitude to IL in Section III-A. In this case, R has to be 0.6729 n to satisfy (25). But R is distributed uniformly on all wallswith the exception of a small region at the top right-hand side corner where resistance is tapered and V(F) = 0 is set. This position is chosen since E r ≈ 0 in that proximity of the channel (see Fig. 6 ). The value of needs to be computed to satisfy (16). The value of in this example is the same for all the boundaries. In FlexPDE input deck, this value is adjusted to result in R = 0.6729 n for the entire channel, using ρ = 1.7 × 10 −8 · m for copper
and from (13), δ = 2.955 × 10 −4 μm. Therefore, the natural BC for each resistive boundary takes on the form
C. Example 3: Moving Boundary and Resistive Walls
This example is a culmination of Sections III-A and III-B where there is a background magnetic field that is compressed by a moving resistive boundary and is also instantaneously diffused in the neighboring resistive walls (see Fig. 7 ).
This time around, the generator equation has to be satisfied in its full form
The BC for the left moving boundary now has an added resistive component
At first glance, the moving wall component of (29) appears to be the more dominant component but the resistive term spans over all boundaries in its integrating form. In this case, note that the velocity of the moving boundary is increased by two folds than the one used in Section III-A to compensate for the resistive losses in the generator in order to maintain the samė I . As a result, the drive voltage is higher (1.96 times) then in Section III-A
Consequently, the voltage across nodes 3 and 4 will be higher (1.92 times) as well-not quite a linear change
Figs. 8-10 show FlexPDE results for this case. 
IV. CONCLUSION
Kiuttu's method for calculation of inductive electric field using electric vector potential was implemented successfully to study magnetic flux compression in a simple coaxial configuration. FlexPDE and COMSOL commercial codes were used in setting up three relevant examples. The same examples were modeled in COMSOL and the COMSOL results were in very close agreement with those of FLexPDE. The more intricate use of natural and value BCs was discussed and demonstrated in these examples. The details of setting up BCs on PEC resistive and moving boundaries were also explored in these examples. We saw in Section III-C where resistive walls were in play how nearly twice the drive voltage of Section III-A was needed to compensate for the IR losses to satisfy the generator equation. This formulation is a powerful inexpensive and quick tool in design phase of coaxial generators. It can also serve as a validation tool for the more sophisticated full-wave EM codes such as COMSOL and hydro-MHD codes such as LLNL's ALE3D [5] code which we also plan to publish. The method does have limitations primarily due to the quasi-static treatment used in the formulation but provides a first comprehensive approach in understanding flux compression generator physics.
